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Abstrat
Compatiations of heteroti string theory on Generalized Calabi-Yau manifolds have
been expeted to give the same type of exibility that type IIB ompatiations on Calabi-
Yau orientifolds have. In this note we generalize the work done on half-at manifolds by
other authors, to show how ux quantization ours in the general ase, by starting with a
basis of harmoni forms and then extending it. However it turns out that only the axions
assoiated with the non-harmoni diretions in the spae of Kaehler moduli, an be stabilized
by the geometri (torsion) terms. Also we argue that there are no supersymmetri extrema
of the potential when the seond (and fourth) ohomology groups on the manifold are non-
trivial. We suggest that threshold orretions to the lassial gauge oupling funtion ould
solve these problems.
†
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I. INTRODUCTION
Most of the reent work on ux ompatiations of string theory has foused on type IIB
on Calabi-Yau (CY) orientifolds (see [1, 2℄ for reviews). However it is far more diult to get
the standard model (or the MSSM) there than it is to get it in Heteroti ompatiations.
The prinipal reason is hirality whih in Heteroti theory an atually be obtained quite
easily, while in type IIB this requires somewhat elaborate onstrutions. Getting a Grand
Unied Theory (GUT) is even more diult in the IIB ontext.
On the other hand in type IIB on CY orientifolds one an turn on two types of uxes;
NS-NS (H-ux) and RR to stabilize (after inluding also non-perturbative terms) all (losed
string) moduli as well as the dilaton. The existene of two types of uxes gives enough
ne-tuning freedom, that it is easy to see that there would be many models that an have
the dilaton stabilized at an aeptable value, a gravitino mass many orders of magnitude
below the Plank sale (if one wants low energy supersymmetry (SUSY)), and a zero (or
highly suppressed value) for the osmologial onstant (CC).
However in the Heteroti string ompatied on CY one an only turn on one type of
ux, namely H-ux, and even with non-perturbative terms (whih are in fat neessary to
stabilize the dilaton) one annot stabilize the Kaehler moduli - in fat one has a no-sale
model. Furthermore, typially the dilaton will be stabilized in the strong oupling regime.
One an introdue threshold orretions to these non-perturbative orretions to stabilize
the Kaehler moduli, but then of ourse one needs to tune the osmologial onstant to an
aeptable value and it is not lear that one has enough freedom to do so.
It has been suggested that these problems an be overome by ompatifying the heteroti
string on generalized Calabi-Yaumanifolds [3℄[4℄ (for earlier work see [5, 6, 7, 8, 9, 10℄). Muh
of this work has been in the ontext of so-alled half-at manifolds. In onstruting the
potential for the moduli in these works a basis of forms is introdued that is not harmoni,
and it is not lear how this ould still result in a potential for the moduli that is determined
in terms of integer ux parameters. Nevertheless as shown in [3℄ this quantization ondition
still holds for all but one parameter. However even this appeared to be diult to establish
for generalized (non-half-at) CY manifolds. In this paper we show that by a judiious
hoie of basis forms it is possible to show the quantization of the ux parameters, but it is
still unlear how to show the quantization of parameters orresponding to the torsion of the
2
manifold. We also show that if the ohomology groups H2/H4 are non-trivial then there
is no supersymmetri solution even for generalized CY manifolds. What happens is that
the SUSY equations for the orresponding Kaehler moduli have no solution. There is no
obstrution, as far as we an see, to nding non-supersymmetri solutions, but even when
there are suh stable points, the axions orresponding to those Kaehler moduli will be at
diretions in the potential just as in the ase of half-at manifolds [3℄.
II. CONSTRUCTING A BASIS
Let Yˆ be a generalized Calabi-Yau (CY) manifold obtained by deforming a Calabi-Yau
manifold Y whose ohomology groups H3(Y ) and H2/H4(Y ) have dimensions 2b3 ≡ 2(h12+
1) and b2 = b4 = h11 respetively. As with the underlying CY manifold Y there is a globally
dened real two form J and a globally dened omplex three form Ω in Yˆ , but unlike in Y
on Yˆ , dJ 6= 0, and dΩ 6= 0. So the dimensions of the ohomology groups H3(Yˆ ), H2/H4(Yˆ )
are suh that bˆ3 < b3, bˆ2 < b2. A basis of harmoni forms for H
3(Yˆ ) is
αa, β
a; a = 1, 2, . . . , bˆ3 ≡ hˆ21 + 1, (1)
and for H2/H4
ωi, ω˜i; i = 1, 2, . . . , bˆ2 = bˆ4 ≡ hˆ11. (2)
These satisfy the usual relations for a harmoni basis,
∫
Yˆ
αa ∧ βb =
∫
Ab
αa =
∫
Bb
βb = δba,∫
Yˆ
αa ∧ αb =
∫
Yˆ
βa ∧ βb = ∫
Bb
αa =
∫
Aa
βb = 0. (3)
Here Aa(Ba) are three yles dual to β
a(αa). Also∫
Yˆ
ωi ∧ ω˜j =
∫
C
j
2
ωi =
∫
Ci
4
ω˜j = δji , (4)
where Cj2(C
i
4) are yles dual to ω˜
j(ωi). Heneforth all integrals without a subsript will be
taken over the whole manifold Yˆ . Note that in this setion we have hosen units suh that
2π
√
α′ = 1.
Now as remarked earlier, on Yˆ
dJ 6= 0, dΩ 6= 0. (5)
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Clearly beause of (5) J and Ω annot be expanded in the above harmoni basis. We need
to append to this basis additional two/four forms and three forms
ωκ, ω˜
κ, κ = bˆ2 + 1, . . . , b2; αγ, β
γ, γ = bˆ3 + 1, . . . b3.
These are neither losed nor o-losed and may be written as
ωκ = δωκ(3) + dωκ(2), ω˜
κ = δωκ(5) + dω
κ
(3); αγ = δαγ(4) + dαγ(2), β
γ = δβγ(4) + dβ
γ
(2). (6)
They an be taken to satisfy the relations
∫
αγ ∧ βa =
∫
αγ ∧ αa =
∫
αa ∧ βγ =
∫
βγ ∧ βa = 0,
∫
αγ ∧ βδ = δδγ , (7)∫
ωκ ∧ ω˜i =
∫
ωi ∧ ω˜κ = 0,
∫
ωκ ∧ ω˜λ = δλκ . (8)
Note that in the above we have made the usual assumption ommon in the physis literature
(see for example setion 3 of [11℄) that these generalized manifolds are losely related to the
CY manifold of whih it is a generalization, so that there is a nite basis of forms in whih
J and Ω an be expanded in, that is related to the harmoni basis of the orresponding CY.
Combining equations (3)(4)(7)(8) we may write
∫
αA ∧ βB = δBA ,
∫
αA ∧ αB =
∫
βA ∧ βB = 0, A, B = 1, . . . b3, (9)∫
ωI ∧ ω˜J = δJI , I, J = 1, . . . b2. (10)
Note however there is no analog of the integrals over 3, 2 and 4-yles as in equations(3)(4)
for these additional forms whih are not harmoni.
Expanding the globally dened omplex three form Ω in terms of the basis three forms
we have,
Ω = ZAαA −GAβA, (11)
where in the related CY manifold Y the ZA would be homogeneous (omplex) oordinates on
the spae of omplex strutures and GA =
∂G
∂ZA
, with G(ZA) being a homogeneous funtion
of degree two.
Similarly the globally dened two form J may be expanded in our basis two forms as
J = tIωI = t
iωi + t
κωκ, (12)
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where tI would be the set of Kaehler moduli of the underlying CY manifold Y . Now we
have, expanding in terms of our basis three forms,
dωκ = pκAβ
A − qAκ αA.
Using the ortho-normality relations (9) (10) and the harmoniity of αa, β
a
we have
pκa =
∫
Yˆ
αa ∧ dωκ = 0, qaκ =
∫
Yˆ
βa ∧ dωκ = 0.
So
dωκ = pκγβ
γ − qγκαγ. (13)
Thus we get
dJ = tIdωI = t
κdωκ =
b2∑
κ=bˆ2+1
tκ(pκγβ
γ − qγκαγ). (14)
III. QUANTIZATION OF H-FLUX
Now we an expand H ux in terms of the basis three forms [13℄:
Hflux =
1
6
√
8
(µAαA − ǫAβA) (15)
If we work to lowest order in the α′ expansion and ignore the Green-Shwarz (GS) term (or
take the standard embedding of the tangent bundle onnetion in the gauge onnetion) we
have dHflux = 0. The ux must also satisfy the equation of motion d ∗ Hflux = 0 (again
ignoring the GS term) i.e. Hflux is harmoni. So the expansion in (15) runs only over the
harmoni part of the basis:
Hflux =
1
6
√
8
(µaαa − ǫaβa) (16)
Now sine αa, β
a
are harmoni we have (see (3)) after restoring the string sale,
∫
Ab
αa =
∫
Ba
βb = (2π
√
α′)3δbb. (17)
Using the relations (9) (whih now aquire a fator (2π
√
α′)6 on the RHS) we have (sine
dH = 0)
(2π
√
α′)3
∫
Aa
H =
∫
H ∧ βa = 1
6
√
8
µa(2π
√
α′)6. (18)
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The rst equation above is Poinare duality and the seond follows from (15) and the
orthonormality relations (9). Quantization of H-ux (oming from it being soured by
strings) implies ∫
C3
H = (2π
√
α′)2n, n ∈ Z. (19)
Thus we have from (18) and a similar equation involving an Ba yle and its assoiated dual
form αa,
µa =
6
√
2
π
√
α′
naA, ǫa =
6
√
2
π
√
α′
nBa; n
a
A, nBa ∈ Z. (20)
IV. STABILIZATION OF KAEHLER MODULI
The Kaehler potential of the theory is given by
K = − ln(S + S¯)− ln(8K)− ln(8K˜)
where
K = dIJKtItJtK (21)
K˜ = ∑h121 d˜abczazbzc (22)
where tI are the Kaehler moduli and za are the (real parts of) the omplex struture moduli
and dIJK , d˜abc are intersetion numbers for the 2 yles on the manifold and its mirror. The
holomorphi oordinates on the two moduli spaes are T = ti + iτ i and Za = za + iζa. Also
we write S = s+iσ so that the real elds s, σ are respetively the model independent dilaton
and axion of the heteroti string.
The GTVW superpotential of this theory is (see [3℄ and referenes therein)
W =
∫
Ω ∧ (H + idJ) (23)
From (11) and (14) we have
∫
Ω ∧ idJ = i(Zγpκγ −Gγ(Z)qγκ)tκ
The eld strength H = dB + Hflux, where we may expand the two form eld in terms
of our basis two forms B = −τ IωI , where the τ I are the model dependent axions of the
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underlying string theory. So ignoring the 4D derivative of τ (whih does not ontribute to
the superpotential) we have
H = −τκdωκ +Hflux = −τκ(pκγβγ − qγκαγ) +Hflux, (24)
where we've used dωi = 0 and (13). From (11) and (24) we have (using (9)) the result
∫
Ω ∧H = 1
6
√
8
(−Zaǫa +Gaµa)− (Zγpκγ −Gγ(Z)qγκ)τκ.
Thus the GTVW superpotential is given by
W = 1
6
√
8
(−Zaǫa +Gaµa) + i(Zγpκγ −Gγ(Z)qγκ)T κ.
= ZAPA −GAQA,
where
PA = (ipκγT
κδγA −
ǫa
6
√
8
δaA), Q
A = (iqγκT
κδAγ −
µa
6
√
8
δAa ).
Of ourse with this superpotential the dilaton will not be stabilized. So we need to add
a non-perturbative (NP) term oming from gaugino ondensation. Typially in the E8×E8
theory the ondensing gauge group is taken to be the hidden setor E8 or a subgroup thereof.
Thus the total superpotential is
W =W + ke−cS, (25)
where  is a group theoreti number whih depends on the gauge group and its matter
representations. The pre-fator k is a holomorphi funtion of the moduli if we take threshold
orretions into aount. However for the moment let us ignore this and take k to be a
onstant as is usually done. Let us look at the Kaehler derivatives for the moduli.
DSW = −kce−cS − 1
S + S¯
W (26)
DAW = PA −GABQB − ∂AK˜K˜ W (27)
DκW = i(pκγZ
γ −Gγqγκ)−
∂κK
K W (28)
DiW = −∂iKK W (29)
These expressions tell us that there is no supersymmetri solution ( i.e. a solution ofDΦW =
0 for all moduli) if the ohomology group H2(Yˆ ) is non-trivial. The only way to satisfy the
equationDT iW = 0 is to have t
i →∞. Note that the option of tuningW to zero is not really
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available sine if that were the ase S →∞ i.e. the theory would be at zero oupling. Thus
it appears that generalized CY manifolds do not solve Strominger's original problem [12℄
of nding supersymmetri solutions to the heteroti string in the presene of uxes unless
the manifold has no harmoni two (or four) forms and hene no two (or four) yles. Thus
supersymmetry is neessarily broken as was the ase for ompatiation on CY manifolds.
Of ourse if there are no harmoni two forms, the last equation does not exist and we an
have a supersymmetri solution.
We an avoid this onlusion if we inlude threshold orretions to the lassial gauge
oupling funtion S whih will result in the prefator k of the NP term aquiring a depen-
dene on the moduli of the internal manifold [14℄. In this ase there are extra terms on the
RHS of (27)(28) and (29). In partiular there would be a term ∂T ike
−cS
on the RHS of (29)
so that we may have a supersymmetri solution at nite values of all the Kaehler moduli.
There does not appear to be any obstrution to nding non-supersymmetri minima of
the potential with more than one Kaehler modulus. However if k is onstant, then the axions
orresponding to the moduli whih do not appear in W (i.e. the ones orresponding to the
harmoni two and four forms), will not be stabilized.
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